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Abstract 

Let G be an exceptional Lie group with a maximal torus T C G. 
We present the integral cohomology ring H*{G/T) by a minimal set of 
Schubert classes on G/T. 

This completes the program of determining the integral cohomology of 
all complete flag manifolds G/T in the context of Schubert calculus. The 
results have been applied in [DZ3] to construct the integral cohomology of 
a simple Lie group G in terms of Schubert classes on G/T; and in [DZ4] 
to determine the Steenrod operations in exceptional Lie groups. 
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1 Introduction 

All compact, 1-connected and simple Lie groups fall into four infinite sequences 
of the classical groups: 

An — SU{n), Bn = Spin{2n + 1), C„ = Sp{n), Dn = Spin{2n), 

as well as the five exceptional ones: G2 , F4 , i?6 , -E'7 , -E'8 [Wh, p. 674]. Let G be 
one of these groups with a fixed maximal torus T . In this paper we present the 
rings H* {G/T) for all exceptional G by a minimal set of Schubert classes on G/T 
in Theorems 1-5. Based on these presentations useful properties of the rings 
H*{G/T) are summarized in Theorem 6 in §5, which will serve as the starting 
point in our unified construction for the cohomology of the corresponding G 
[DZ3, DZ4]. 

We introduce some notations useful in simplifying these presentations. Given 
n indeterminacies ii, ■ ■ ■ , t„ we set 

(1-1) l + ei + --- + e„ -ni<.<Jl + *0, 

That is, Cr is the r^^ elementary symmetric functions in ii , • • ■ , t„ . 
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Definition 1. Let G be an exceptional Lie group with rank n, and let Q. = 

{ijJi}i<i<n C H'^{G/T) be a set of fundamental dominant weights, so ordered 
as the vertices in the Dynkin diagram of G [Hu, p. 58]. 

For G = F4, let €^(^4) G H^''{Fi/T), 1 < r < 6, be the polynomial obtained 
from er{ti, - ■ ■ , fe) by letting 

ti = LOi] t2 = u>3 — (^4', ts = 0J2 — W3; 

f4 = Wi— W2+W3; t5 = iUi — OJs + UI4; tG=U!i—C04. 

For G = En with n = 6,7,8, let Cr{En) € H'^''{En/T), 1 < r < n, be the 
polynomial obtained from er(ti, • • • ,tn) by letting 

tl = Wn', t2 = U>n-1 — '^n\ ' ' ' : i-n-Z = CO4 — UJ5; 

tn-2 = t<^3 — + ^2] tn-1 = LUi — LO3 + LO2', tn = —LUl + UJ2- 

Definition 2. For each exceptional G we define, in terms of the Weyl coor- 
dinates for Schubert classes (see in 2.4), the special Schubert classes on G/T 
together with their abbreviations y^'s (with degt/, = 2i) in the table below. 



The special Schubert classes on G/T and their abbreviations 





G2/T 


Fi/T 


En/T, n = 6,7,8 




""[1,2,1] 


'^[3,2,1] 


(^[5,4,2], n = 6,7,8 


y4 




"■[4,3,2,1] 


cr[6,5,4,2], n = 6, 7, 8 








f [7,6,5,4,2], n = 7, 8 


ye 






0'[l,3,6,5,4,2], n = 8 


yo 






''"[1,5,4,3,7,6,5,4,2], n = 7, 8 


2/10 






f [1,6,5,4,3,7,6,5,4,2]) n = 8 


2/15 






•'■[5,4,2,3,1,6,5,4,3,8,7,6,5,4,2]) ^ = 8 



Since the set Cl = {LOi}i<i<n of fundamental dominant weights consists of 
all Schubert classes on G/T in dimension 2 that also forms a basis for H^(G/T) 
[DZZ], any subset of Schubert classes on G/T that generates H*{G/T) multi- 
plicatively must contain Q.. Granted with the set f2, the special Schubert classes 
2/i's on G/T in Definition 2, and with the polynomials Ck{G) in Definition 1, 
our main results are stated below. 

Theorem 1. H*{G2/T) = Z[a; 1,^2,2/3] / (52, r-s, re), wliere 

g2 = - 3a;ia;2 + t^i; 
r-3 = 2y3 - w?; 
"Te = 2/1- 

Theorem 2. H*{F4,/T) = Z[a;i, a;2, W3, W4, 2/3, 2/4]/ (52, 54, '"3, '"6, r-g, ^12), where 
with Ck = CkiFi), 

92 = 02- 

94 = 3j/4 + Swij/s - C4; 

ra = 2y3 - w?; 

^6 = 2/3 + 2c6 - 3w1y4; 

rs = 2/4(c4 - Zwiys) - t^fce; 

r-12 = 2/4 - 4. 
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Theorem 3. H*{Eq/T) = Z[a;i, • • • ,^6,^3,2/4]/ (fi'2,fi'3,fi'4,fi'5,r-6,r-8,r9,ri2), 
where, with Ck = Ck{EQ), 

52 = 4a;^ - C2; 

53 = 2y3 + 2a;i - C3; 
94. = 3j/4 + ^2 - C4; 

55 = 2a;^y3 - W2C4 + C5; 
rG = yl- W2C5 + 2c6; 

^"8 = y4(c4 - 2^12/3) - 2c5y3 - U>Icq + w|c5 

rg = 21/3C6 - wice; 
r-12 = yl- 4. 

Theorem 4. ff*(i;7/T) = Z[wi, • • • , ^7, 2/3, 2/4, 2/5, 2/9]/ (52, 53, 54, 55, n), 
wiere i G {6, 8, 9, 10, 12, 14, 18}, and where with Ck = Ck{E-j), 

g2 = 4u)l - C2; 

53 = 22/3 + 2a;i - C3; 

54 = 32/4 + ^2 - C4; 

55 = 22/5 - 2a;^2/3 + ^^204 - C5; 
^6 = 53 - '^2C5 + 2c6; 

?"8 = 54(04 - (^2) - ^2C453 - 53C5 + 2CJ2C7 - 5w|c6 + 3w^C5; 
rg = 22/9 + 2tj|2/354 - ^^2^454 + 54C5 - 22/3C6 - W2C7 + w|c6 
''lo = 5i - 22/3C7 +^^2^7; 

ri2 = 54 - 4y5C7 - u;|2/3C7 + 3W254C7 + C5C7 - - 53C3C6 + 3w|2/3C6 
+2a;255C6 

r-14 = C^ + 2a;^2/35455 - W2C45455 + 5455C5-25355C6-W^2/5C7+W255C6 

+25354C7 - W254C7 
ri8 = 5g - 6y5C6C7 - 54 - 2^2535459 + <^25459C4 - 5459C5 - 10a;253C7 
+5u^c^ - 2a;i2/355C7 + 4a;255C5C7. 

Theorems. H*{Es/T) = Z[uii,--- , wg, 2/3, 54, 55, 56, 59, 5io, 515]/ (5i, fj), wAere 

i e {2, 3, 4, 5, 6}, j e {8, 9, 10, 12, 14, 15, 18, 20, 24, 30}, 
and where, with Ck = Ck{Es), 

52 = 4^2 - C2; 

53 = 22y3 + 2a)f - C3; 

54 = 32/4 +t^2 - C4; 

55 = 255 - 2a;^2/3 + ^^204 - C5; 

56 = 556 + 253 + 10a;255 - 2a;2C5 - ce; 

rg = 3c8 - 32/4 - 25355 + 253C5 - 2a;2C7 + a;2C6 - '^2C5; 

rg = 2y9 + 22/455 - 2y356 - 4t^25355 + W2C8 - W2C7 + wfcf,; 

rio = 3510 - 22/5 - 22/3C7 - 32/456 + 354C6 - 6a;25455 - w|c8 + ^2^7; 
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r-12 |w2=o= yl - 2c4C8 - C5C7 + Sceye + clye + cayf ; 
ri4 |w2=o= C7 + C4J/10 - C3C8 - CiUiye; 

ri5 |w2=o= 2?/i5 + C5?/io + 5C7C8 - csysVA - 2C3C5C7 + csceye + 2c5j/4y6 
-cayha + C4y3y| + csyl; 

r-18 |w2=0= 2/9-6^10^8- 42/9 y6y3+ 47/91/51/4 + 52/82/42/1+2/72/4-32/72/42/3 

+5y| + 3?/|ii/| + 10?762/52/42/3 + 2/62/1 + 62/52/42/1; 
r-20 |i^2=o= (2/10 + 42/42/6 -yi + 22/|2/4)^ - ^3(6^3^9 + 32/42/8 - ysyr 
+14y|2/6 + Syl); 

r24 |w2=o= 5(2/3 + 22/6)^ - 2/8(5^72/9 + 52/1 - 41/32/52/8 + 22/32/7 + 2O2/I2/6 
+102/32/42/6 + 182/32/42/5 + 42/32/4); 

^30 |w2=o= (2/3 + 22/6)^ + (2/10 + 42/62/4 - 2/5 + 22/42/1)^ + (2/i5 + 2/io2/5 
+2/92/1 + 22/82/7 - 42/72/52/3 + 52/12/3 + 2?y6?y5?y4 + '^y^VAvl + 2/4^3)^ 
+2/8(2/152/7 + 82/152/42/3 - 91/102/82/4 - IO2/102/62/3 ~ 4i/io2/4 " 2yio2/| 

+y9y7yi + Qygysyl + 82/92/42/3 - 2i/|i/6 - 2/82/1 + 442/8^? + ly&y&y^yz 
—i^yayhi + ^ynysyi + 25y|i/5i/3 - ^yjylyz + 10i/7y62/52/4 
-121/7^5^41/1 - SOyrylys - 101/12/4 + 5y|y| + 12y|y4y3 + ^byhl 
+2/42/1 + 4iy42/!)- 
Several remarks on these results are in order. 

i) It can be shown that, in Theorems 1-5, the ring H*{G/T) is presented by a 
minimal set of generators subject to relations that are algebraically independent; 

ii) In each case the relations are divided into two groups, denoted respectively 
by Qi's and rj's with degg', = 2i, degrj = 2j, as they are derived respectively 
from invariant theory and the intersection theory on certain Grassmannians. 

iii) For simplicity, the polynomials with fc > 12 in Theorem 5 are presented 
after modeling the idea (0)2) generated by u)2- Fortunately, these simplifications 
does not effect the applications [DZ3, DZ4] in the sequel. 

The paper is arranged as follows. §2 recalls relevant notations and results 
developed in [DZi, DZ2]. Those are applied in §3 to show the validity of the 
relations of the type in Theorems 2 5. With those preliminaries, Theorems 
1-5 are established in §4 in a unified pattern. 

The relations in Theorems 1-5 may be seen as detailed. However, they 
encode fundamental information on the cohomology of the corresponding G. 
Indeed, from these polynomials in the Schubert classes one can 

a) construct explicit cocycle classes realizing the integral cohomology H (G) 
[DZ3]; 

b) deduce explicit expressions for a set of generating polynomials for the ker- 
nel of the Borel's characteristic in a characteristic p, and determine the structure 
of H (G;Fp) as an module over the Steenrod algebra Ap [DZ4]. 

Theorem 6 in §5 (resp. Theorem 7 in §6) is meant to summarize common proper- 
ties occurring in the Schubert presentations of iJ (G/T) (resp. ofi? (G/T;Fp)) 
so that the tasks in a) and b) can be implemented uniformly for all G and prime 
p. Finally, §7 is created to record the intermediate data emerging from the cal- 
culations in this paper. 
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2 Preliminaries 



This work is as a sequel to [DZi, DZ2], where methods computing the integral 
cohomology of flag manifolds in the context of Schubert calculus were devel- 
oped, and as applications, the cohomologies of certain Grassmannians associ- 
ated to the exceptional Lie groups were determined. This has raised the question 
whether our approach remains effective for flag varieties of more general types. 
The present work serves also the purpose to dispel the uncertainty. 

In this section we recall from [DZi, DZ2] the preliminary notations and 
results requested by establishing Theorems 1-5. 

2.1. Fix a maximal torus T in G, and equip the Lie algebra L{G) with an 

inner product (,) so that the adjoint representation acts as isometrics of L{G). 
Let Q. = {uJi,--- C L{T) be the set of fundamental dominant weights 

relative to a set $ = • • • ,/3„} C L{T) of simple roots of G, so ordered as 
the root-vertices in the Dynkin diagram given in [Hu, p. 58]. 

2.2. Flag manifolds and generalized GrEissmannians. Let exp : 

L{G) — > G be the exponential map. For a subset K C {I,-- - ,n} the cen- 
tralizer Pk of the 1-parameter subgroup {exp(t6) G G | 6 = 'l2ieK^i^^ ^ ^} 
is called the parabolic subgroup of G corresponding to K. The homogeneous 
space G/Pk is a smooth algebraic variety, called a Hag manifold. 

li K = {!,■ ■ ■ , n} we have Pk = T and G/Pk is the complete flag manifold 
G/T. li K = {1} C {1, • • • , n} is a singleton, G/P^q is called the Grassmanrmm 
of G corresponding to the weight ([DZ2]). In the table below we single out 
four Grassmannians that are relevant to our purpose. 



G 


Fa 


Ee 


Er 


Eg 


K 


{1} 


{2} 


{2} 


{2} 










As-S^ 



2.3. The Weyl group and the Decomposition. For each 1 < z < n let 
Li C L{T) be the hyperplane perpendicular to the i*'*-root and through the 
origin, and let ai G Aut{L{T)) be the reflection in Lj. The Wcyl group of G is 
the subgroup W{G) of Aut{L(T)) generated by ai, 1 < i < n. 

For a subset K C {1, • • • ,n} the Weyl group W{Pk) is the subgroup ofW{G) 
generated by {aj \ j ^ K}. Resorting to the length function I : W{G) — > Z ( 
[BGG]) one may embed the set W{Pk; G) of left cosets of W{Pk) in W{G) as 
the subset of VF(G) ([BGG, 5.1]) 

(2.2) W{Pk;G) = {w€ W{G) I l{wi) > l{w), wi e wW{Pk)}. 

For r > 1 we set W{Pk; G) = {w € W{Pk; G) | l{w) = r}. 

By (2.2) each w G W^{Pk', G) admits a unique decomposition in the form of 

(2.3) w = Gi-^ o ■ ■ ■ o Oi^, 1 < «i, • • ■ ,ir ^ n, 

called the minimized decomposition of w and written w =: crjj^ ... j^j, such that 
with respect to the lexicographical order on all the r-tuples J = (ji, • • • ,jr) 
with w = aj^ o ■ ■ ■ o aj^, I = {ii, ■ ■ ■ ,ir) is the minimum one. By presenting 
elements in W'^{Pk', G) in terms of their minimized decomposition as w = CT[/], 
the set W^{Pk] G) has an order given by aj/] < (T[j] if / < J. Consequently, it 
admits the presentation 
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(2.4) W-iPK;G) = {wr,i \l<i< /3(r)}, /3(r) =: \W^iPK;G)\. 

in which Wr,! is the i*^ element in W"^{Pk',G). 

In [DZi] a program entitled ^^Decomposition" was composed, whose function 

is summarized below: 

Algorithm: Dcconiposi tion . 

Input: The Garten matrix C = (Cy)„xn of G, and a subset K C 
{l,...,n}. 

Output: The set W{Pk'-, G) being presented by the minimized de- 
compositions for its elements, together with the indexing system 
(2.4) imposed by the decompositions. 

2.4. Schubert veirieties and Basis theorem. For each 1 < i < n let 
-f^i C G be the centralizer of exp(Li). For an element w G W{Pk;G) with 
minimized decomposition w = (Tjj^ ... j^j, the Schubert variety on G/Pk 
associated to w is the image of the composed map 

(2.5) Ki,x---xKi^^G^ G/Pk by (fci, • • • , K) ^ p(fci K), 

where p is the projection, and where the product • takes place in G. Since 

(2.6) the union Uu;£W(Ps:;G) dominates G/Pk by a cell complex with 
dimMX^ = 2/(w;) ([BGG]), 

the Schubert class Syj e H^^^'^^G/Pk) can be defined as the cocycle class 
Kronecker dual to the fundamental cycle [Xy] as 

{sw, [Xy]) = w,ue W{Pk; G). 

(2.6) implies that ([BGG, §5]) 

Lemma 1 (Basis theorem). The set of Schubert classes {sw \ w G W{Pk', G)} 
constitutes an additive basis for the graded group H*{G/Pk)- 

To emphasize the role that the minimized decompositions act in the geomet- 
ric construction (2.5) of the Schubert varieties, wc call the Wcyl coordinate 
of Sw, w = (T[/]. Referring to the index system (2.4) on W'^{Pk;G) we use Sr,i 
to simplify Stu^ ., and call it the i*^ Schubert class on G/Pk in degree r. 

2.5. The L-R coetRcients. Let / be a polynomial of homogeneous degree r 
in the Schubert basis {s^ \ w € W{Pk; G)}. By considering / as an element in 
H'^^{G/Pk) and by the basis theorem, one has a unique expression 

/ = S«)elV(Pfe;G) (^w{f)sw,aw{f) S Z. 
The program "L-R CoefRcients" compiled in [DZi] has the following function. 
Algorithm. L-R coefficients. 

Input: A polynomial f in Schubert classes on G/Pk, and an ele- 
ment w G W{Pk', G) given by its minimized decomposition. 

Output: ayj{f) e Z. 
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2.6. The Giambelli Polynomials Let {yi, ■ ■ ■ , y„} be a minimal set of Schu- 
bert classes on G/Pk that generates the ring H*{G/Pk) multiplicatively. In 
view of the surjective ring map 1,[yx, ■ ■ ■ , y„] — > H*{G/Pk) induced by the in- 
clusion {yi,--- ^Vn} C H*{G/Pk) and by the basis theorem, every Schubert 
class Sw G H*{G/Pk), w € W^{Pk;G), can be expressed as a polynomial 

in 2/1, •• • ,2/n- Such an expression is called a Giambelli polynomial of s^, with 
respect to yi, • • • , y„. The program ^'Giambelli polynomials" compiled in [DZ2, 
3.3] has the following function. 

Algorithm: Giambelli polynomials 

Input: A minimal set {yi, ■ ■ ■ , y„} of Schubert classes on G/Pk 
that generates the ring H*{G/Pk); and an integer r > 0. 

Output: Giambelli polynomials Qw{yi, ■ ,yn) ^or allw G W^{Pk\G). 

2.7. The cohomologies of generalized Grassmannians Historically, 
the cohomology of the ordinary Grassmannian Gn,k = U{n)/U{k) x U{n — 
k) has a well known presentation as a quotient ring in the special Schubert 
classes on Gn,k, that constitutes one of the foundations for many important 
computations in Gn,k ([GH, Hi]). Generalizing this idea method to find the 
presentation of the integral cohomology of a generalized Grassmannian G/Pjjj 
by a minimal set of Schubert classes on G/P^ij, called the special Schubert 
classes on G/P^^, have been developed in [DZ2]. For the four Grassmannians 
in (2.1) the results obtained are listed in (2.7)-(2.10) below, where (2.7) an 
(2.8) correspond respectively to Theorems 2 and 3 in [DZ2], and where (2.9) 
and (2.10) are obtained by the same method. 

(2.7) Let 2/3,2/4 be the Schubert classes on F4/C3 ■ whose Weyl coordinates 
are the same as that given in Table A for F4/T, and let t/e be the Schubert 
class on F4/C3 ■ with Weyl coordinate o- [3^2, 4,3, 2,1]- 

Then H*{F4/C3 ■ S^) = Z[wi, 2/3, 2/4, 2/6]/ (r-3, re, rg, ri2), where 

^3 = 2?y3 - ivf; 
re = 22/6 + 2/3 - 3wi2/4; 
rs = 32/4 - ^^12/6; 
r-12 = 2/i - yl- 

(2.8) Let 2/3,2/4 be the Schubert classes on Eq/Aq ■ whose Weyl coordinates 
are the same as that given in Table A for Eq/T, and let t/e be the Schubert 
class on Eq/Aq ■ with Weyl coordinate cr[i^3^6,5,4,2]- We set 

5(6) = {3,4,6}; 7^(6) = {6, 8, 9, 12} 
Then H*{Ee/A(i ■ S^) = Z[tj2, 2/»]»g5(6)/ {"^j) jen{6)^ where 
re = 22/6 + ?y| - 3cj^2/4 + 2w§2y3 - t^l; 
rs = 32/1 - 6^22/32/4 + i^lye + ^uj^yj - 2w|2/3; 
r-9 = 22/32/6 - wiye; 
r-12 = 2/6-2/4- 
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(2.9) Let 2/3,2/4 2/5,2/9 be the Schubert classes on E^/A-y ■ whose Weyl coor- 
dinates are the same as that given in Table A for Ei/T; and let yG,y7 
be the Schubert class on E^/At ■ with Weyl coordinates cr^^^s g_5 4^2], 
C[i,3,7,6,5,4,2] respectively. We set 

S{7) = {3, 4, 5, 6, 7, 9}; 7^(7) = {6, 8, 9, 10, 12, 14, 18} 
Then H*{Er/Ar ■ S^) = Z[a;2,2/i]ie5(7)/ {rj)jen{7y ^^^ere 
re = 22/6 + 2/3 + 2^22/5 - 3a;^2/4 + 2a;i2/3 - t^f; 

^8 = 32/4 - 22/32/5 + 2w22/7 - 6a;22/32/4 + w|2/6 + 5w^2/3 + "^^^^5 - 2(^2^3; 
rg = 22/9 + 22/42/5 - 22/32/6 - 4^22/32/5 - ^^^2/7 + w^2/6 + 2w|2/5; 
''lo = yi - 22/32/7 + ^^12/7; 

''12 = 2/6 + 22/52/7 - 2/4 + 22/3^9 + 2^32/42/5 + 2w2y5y6 - 6a;22/42/7 + 
r-u = 2/7 - 22/52/9 + 2/42/1; 

^18 = 2/9 + 22/52/62/7 - 2/42/7 - 22/42/52/9 + 22/32/5 - ^^22/5^7- 

(2.10) Let 2/3)2/4)2/5)2/6,2/9)2/10,2/15 be the Schubert classes on Eg/Ag ■ whose 
Weyl coordinates arc the same as that given in Table A for Eg/T; and 
let 2/7)2/8 be the Schubert class on .©8/^8 • with Weyl coordinates 
o-[i,3,7,6,5,4,2]) <^[i, 3,8,7,6,5,4,2] respectively. We set 

5(8) = {3, 4, 5, 6, 7, 8, 9, 10, 15}; 7^(8) = {8, 9, 10, 12, 14, 15, 18, 20, 24, 30} 

Then H*{Es/As ■ S^) = Z[a;2,2/i]ieS(8)/ {ri)jen{sy ^^lere 

rs = 32/8 - 32/1 + 22/32/5 - 2a;22/7 + 6a;22/32/4 - 3^22/6 - Q^^lvl - 4^^2/5 

rg = 2yg + 22/42/5 - 22/32/6 + ^^22/8 - 4^22/32/5 - w|2/7 + ^^2/6 + 2^22/5; 
'•lo = 32/10 - 22/1 - 22/32/7 + 122/42/6 + 62/I2/4 + 4a;22/9 - 12^22/32/6 + 16^22/42/5 

-4w22/| + Tujjys - 12w|2/32/5 - 24w|2/| - 5^22/7 + 36w|2/32/4 - 18w|2/3 

— 6a;22/4 + 8^22^3; 

n2 |a;2=0= 2/4 - 6!/8!/4 - 22/72/5 + 152/6 + 102/62/3 + '^vt' 

ri4 |w2=o= 2/7 + 32/102/4 - 42/82/1 - 32/62/1; 

^15 |w2=o= 22/15 + 22/102/5 + 52/82/7 - 2/82/42/3 - §2/72/52/3 + 102/62/3 + 42/62/52/4 
+22/62/3 + 52/42/3; 

r-18 |w2=o= 2/9 - 62/10^8 - 42/92/62/3 + 4y92/52/4 + 52/82/42/1 + 2/72/4 - 32/72/42/3 

+52/1 + 32/62/1 + 102/62/52/42/3 + 2/6y| + 62/5^42/1 
''20 |w2=o= (2/10 + 42/42/6 - 2/5 + 22/32/4)^ - 2/8(62/32/9 + 32/42/8 - y52/7 

+142/I2/6 + 82/I); 

^24 ^2=0= 5(2/1 + 22/6)^ - 2/8(52/72/9 + 52/i - ^ysysys + 22/3^7 + 2O2/I2/6 

+102/32/42/6 + 182/32/42/5 + 42/32/4); 
r'30 |w2=o= (2/3 + 22/6)^ + (2/10 + 42/62/4 - 2/5 + '^ViVlY + (2/i5 + 2/io2/5 

+2/92/3 + 22/82/7 - ^yiyhVi + 52/62/3 + 22/62/52/4 + 22/52/42/1 + 2/42/3)^ 

+2/8(2/152/7 + 82/152/4^3-92/10^8^4 - 10yioy62/3 -42/102/1 -22/102/3 +2/92/72/3 

+&y9y5yl + 82/92/42/3 - 22/12/6 - 2/82/3 + 442/82/7 + '^ysyeysya - 492/82/52/4 
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+72/8^52/1 + "^^yh^ys - 5y7yly3 + WyryeysyA - ^'^yryhy^yl - ^Oyryhs 
-10yi2/4 + 5?/|yi + Uyiy^ya + Synyhi + yfyl + 42/4yf ) 

and where, for simplicity, the polynomials rk with k > 12 are given after 

modeling the idea {102} generated by uj2- 

2.8. Fibration on flag manifolds. Let Pj and Pk be two parabolic 
subgroups of G with K c JC {I,-- - ,n}, and consider the fibration associated 
to the inclusion Pj c Pk of subgroups 

(2.11) Pk/Pj ^ G/Pj ^ G/Pk. 

The induced maps tt* and i* behave well with respect to the Schubert bases on 
the three flag manifolds Pk/Pj, G/Pj and G/Pk in the following sense 

(2.12) with respect to the inclusion W{Pk\G) C W{Pj,G) by (2.2), the map 

t:* ■.H*{GIPk)^H*{GIPj) 

identifies the Schubert basis {sw}wew{PK:G) of G/Pk with the subset 

{sw}wew{PK-,G)<zw(Pj ,G) of the Schubert basis on G/Pj] 

(2.13) the induced map i* : H*{G/Pj) H*{Pk/Pj) identifies the subset 
{^w}wew{Pj;PK)cw{Pj;G) oi the Schubert basis on G/Pj with the Schu- 
bert basis {sw}wew{Pj;PK) on Pk/Pj- 

In views of (2.12) and (2.13) and for the notational convenience, we shall adopt 
the following convention. 

Convention. We make no difference in notation between a Schu- 
bert class in H*{G/Pk) with its tt* image in H*{G/Pj); between a 
Schubert class in H* {Pk/Pj) with its i* pre-image in H*{G/Pj). 

It follows also from (2.13) that the bundle (2.11) has the Leray-Hirsch prop- 
erty [Hus, p. 231] over Z. With the convention in mind a purely algebraic argu- 
ment in polynomial rings establishes the next result. 

Lemma 2. Assume that {yi , • • • , y-m } is a subset of Schubert classes on Pk / Pj, 
and that {xi, ■ • • jXn^} is a subset of Schubert classes on G/Pk, so that 

(2.14) H*{Pk/Pj) = gyj^; U^G/Pk) = fgfe^, 

where e 'L\y/\\<t<n^, ht € Z[xj]i<j<n2- 

Then the inclusion {yi,Xj} C H*{G/Pj) induces a surjective ring map (p : 
^yi,Xi]i<i<nui<j<n2 H*{G/Pj). Furthermore, 

a) there exist a set of polynomials {ps}i<s<mi C Z[yi,Xj] that satisfy 

= 0; ii) Ps |x,=o= Ts; 

b) for any subset {ps}i<s<mi C Xj] with properties i) and ii) above, (fi 
induces a ring isomorphism 

H*{G/Pj)=Z[yi 

/ (Ps'^t)l<s<mi,l<t<m2-'^ 

Remark 2. In Lemma 2 the subset {ps}i<s<mi C Z[yi,Xj] satisfying the 
constraints i) and ii) in a) is not unique. 



9 



3 Computing with Weyl invariants 

Consider the fibration (2.11) associated to a parabolic subgroup P C G 

(3.1) P/T i G/T ^ G/P, 

The induced ring map tt* : H*{G/P) — > H*{G/T) is injective and satisfies 

(3.2) Im[7r* : H*{G/P) H*{G/T)] = i?*(G/T)^(^) ([BGG, §5]), 

where H*{G/T)^^^^ is the subring of W^(P)-invariants with respect to the 
action of the subgroup W{P) C W{G) on H*{G/T). 

Lemma 3. Let P C G be one of the four parabolic subgroups in (2.1), and let 
Ck{G) G H*{G/T) be the corresponding polynomials in Definition 1. Then 



Proof. By (3.2) it sufHces to show that Cfe(G) € H*{G/T)^^p\ For this pur- 
pose we note that Cfc (G) is a polynomial in the fundamental weights {wi , • • • , w„} 

C H'^{G/T), and that the action of W{G) on the Ui, ■ ■ ■ ,u)n is given by the 
Cartan matrix C = {cij)nxn of G as ([DZZ]) 



For (G, P) = (F4, G3 • S^), W{C3 ■ S'l) is the subgroup of W{F4,) generated 
by 0-2, (73, (74 (see 2.3). With the formula (3.3) and the Cartan matrix of F4 
given in [Hu, p. 59], one finds that the W{Cs ■ 5'^)-orbit through ti — 0)4 is 
precisely ti, • • • , in Definition 1. This shows that CkiFi) e H*{F4/T)^'^^^-^"> , 
1 < < 6. 

The result for {G,P) ~ {En,An-i ■ S^), n = 6,7,8, come from the same 
calculation: the W(A„_i • S'^)-orbit through ti = Wn & L{T) is t\,--- ,tn in 
Definition l.D 

Comparing Lemma 3 with the presentations in (2.7) (2.10) one finds that 
each Cfe(G) G H'^^{G/T) can be written as a polynomial in the Schubert classes 
Hi's in (2.7) (2.10) (i.e. Convention in 2.8). It is such expressions that provide 
us with the relations of the type Qi in Theorems 2-5. 

Lemma 4. The following relations hold in H*{G/T), 
(3.4) G = F4: 



91 ■ 


■ Cl 


= 3a;i 


92 ■ 


: C2 


= 4a;f; 


93 : 


: C3 


= 6^3; 


94, : 


: C4 


= 3y4 + 2a;i?/3 


95 


: C5 


= ^i?/4; 


96 


: C6 


= ye- 



Cfe(G) e Im[7r* : H*{G/P) ^ H*{G/T)]. 
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(3.5) G = Eq: 
gi:ci = 3iJ2; 
52 : C2 = 

93-03 = 2y3 + 2u)l; 

54 : C4 = 3y4 + 

55 : C5 = 3w2t/4 - 2a;it/3 + w^; 
.96 : C6 = 2/6- 

(3.6) G = S7: 

51 : ci = 3^2; 

52 : C2 = 4u;|; 

53 : C3 = 2y3 + 2a;^; 

54 : C4 = 32/4 + ^1; 

95-05 = 2y5 + 3a;22/4 - 2wi?/3 + w^; 

56 : C6 = 2/6 + 2^22/5; 
97-07 = Dt- 

(3.7) G = E8: 

51 : ci = 3cj2; 

52 : C2 = 4w|; 

53 : C3 = 253 + 2ujI; 

54 : C4 = 3j/4 + tt^l; 

55 : C5 = 255 + 3w22/4 - 2cj|y3 + a;|; 

56 : C6 = 5^6 + 22/3 + 6a;22/5 - 6a;2y4 + 4a;^y3 - 2a;f ; 

57 : C7 = 57 + 4a;22/6 + 2(^2^3 + ^^2^5 - ^'^Ivi + 4a;f 2/3 - 2a;^; 

58 : C8 = 58, 

where yj's are tlie Schubert classes on the G/P specified in (2.7)-(2.10). 

Proof. According to Lemmas 1 and 3, each Ck{G) can be expand uniquely 
in terms of the Schubert basis on G/P, namely 

(3.8) Cfe(G) =J2ak,iSk,i, ak,i € 

where Sk.i is the Schubert class on G/P in degree k (2.4). Since Ck{G) is 
a polynomials in the Schubert classes Wi, • • • the L-E coefRcients (2.4) is 
applicable to compute ak,i- Precisely, the results obtained are tabulated in 7.1. 

Furthermore, the Giambclli polynomials in 2.6 enables one to write each 
Sk,i G H*{G/P) in (3.8) as a polynomial Qk,i in the Schubert classes y^'s on 
G/P given respectively in (2.7)-(2.10), and the results obtained are presented 
in 7.2. 

Finally, the formulae in (3.4)-(3.7) are seen to be 

(3.9) 5fe : Cfe(G) = J2(^k,iQk,i- 
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As an example let us compute c^{E'j). From the (6,4)*'' place of the table 
in 7.1 one reads that its expression in the Schubert basis on E-j/SU{7) ■ is 

C5{E-y) = — S5,i — 2s5,2 — 4s5,4 (compare this with (3.8)). 

Prom the last column of the table in 7.2 one finds that the Giambelli polynomials 
for S5^i, S5,2 and 55,4 are respectively 

^5,1 = ^21/4 - ^UjIus + UjI, ^5,2 = -2/5 + ^21/4, ^5,4 = 2/5- 

Consequently (compare with the formula of C5 in (3.6)) 

Cb{E7) = -22/5 - 3w22/4 + 2cj^y3 - Lo\n 

Remark 3. Results in Lemma 4 admits geometric interpretations. Consider 
the group homomorphism /i„ : U{n) x ^ by h{g,e^^) = det(e**g)^. The 
projection U{n) x ^ U (n) onto the first factor restricts to an n-dimensional 
representation £„ of the subgroup keihn- We note that for n = 6, 7, 8 

(3.10) keihn C U{n) x is isomorphic to the subgroup P^2} = An ■ C En- 
It follows that the representation e„ gives rise to a complex n-bundle p : 
Vn En/P{2} on En/P{2} ([AH]). It can be shown that, letting 0^(14) € 
H-^{Eri/P{2}) be the r*'' Chern class oiVn,l<r < n, then 

(3.11) Cr{Vn) = Cr{G), 1 < r < 71. 

In other word, the formulae in (3.5)-(3.7) express the Chern class Cr{Vn) by the 
special Schubert classes on En/P{2}- 

Finally, it is worth to mention that, if p : CP{Vn) En/P{2} is the pro- 
jective bundle associated to p, then CP(Ki) = En/P-[2.n} a-nd the projection p 
agrees with the bundle map induced by the group inclusion P{2,n} <^ P{2}-0 

4 Proofs of Theorem 1-5 

The ring H*[G2/T) was computed by Bott and Samelson in [BS]. The result is 
the same as that stated in Theorem 1, where our only contribution is to identify 

the generator in degree 6 with the Schubert class with Weyl coordinate (t[1, 2, 1] 
on G2/T. We may therefore omit discussion on the simplest case. 

4.1. Schubert presentations of H*{G/T) for a classical G. We describe 
the Schubert presentations of H*(G/T) for G = An and C„. Certain cases of 
the results are needed by the proofs of Theorems 2-5. 

Let {uji, ■ ■ ■ ,ujn-i} C H'^{An/T) be a set of fundamental dominant weights. 
The W{An)-ovhii through lo\ G H^{An/T) can be computed from the Cartan 
matrix of A„ as 

(4.1) ti = Ui, tk =UJk - (^k-l, tn = 2 < k < n - I, 

see the proof of Lemma 3. On the other hand, according to Borel [B] we have 
H*{An/T) = Z[h, ■■■ , tn]/ (ei, • • • , e„). 
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where ei{ti, - ■ ■ , f„) is the i*'' elementary symmetric function in the tk's. Con- 
sequently, if we let Si(cL'i,--- ,cij„_i) be the polynomial obtained from ej by 
substituting the f^'s with the forms in w^'s given in (4.1), wc get 

Lemma 5. H*{A„/T) = Z[a;i,--- ,a;„_i]/ {s2,ss,--- 

Similarly, let {cji,--- ,ujn} C H'^{Cn/T) be a set of fundamental domi- 
nant weights of C'n, and let S2k{'^i, ■ ■ ■ , w„) be the polynomial obtained from 
ek{ti,--- ,tl) by letting 

ti = uji, ti = uji — Wj-i, 2 <i <n. 

One deduces from the Borel's presentation of the ring H*{Cn/T) [B] that 

Lemma 6. H*{C'n/T) = Z[wi, • • ■,Un]/ (s2,S4, •• • ,S2n)-0 

4.2. Proofs of Theorem 2—5. With the preliminaries developed so far 
Theorem 2-5 can be established in a relatively unified pattern. 

In the fibration Cg/T^ A F4/T ^ F4/ C3 • (where C C3 is the 
standard maximal torus) wc note that 

i) presentations oiH*{C3./T^) and H*{Fi/Cz-S^) in the form of (2.14) were 
given respectively by Lemma 6 with n = 3 and by (2.7); 

ii) the polynomials g2k, k = 1,2, 3, in (3.4) is a set of relations on H*{Fi/T) 
whose restriction to H*{C3/T^) yield S2, S4, sq in Lemma 6. 

It follows now from b) of Lemma 2 that 

H*{F4,/T) = Z[wi,--- ,u)4,y3,y4,y6]/ {92,94, 96,r3, re, r8,ri2) 
= Z[u}i,--- ,uj4,y3,y4/ {g2,94,r3,re,r8,ri2) 

where the second equality comes from : cq = ye by (3.4), which implies that 
ye (resp. ge) may be excluded from the set of generators (resp. the relations) 
after replacing ye by ce in re,rs,ri2- This finishes the proof of Theorem 2. 
The same argument applies equally well to the cases G ~ En, n = 6,7,8. 

Consider the fibration ^„/T"~^ En/T En/ An ■ associated to the 
parabolic subgroup P{2} = An ■ <Z En, where T"~^ c An is the standard 
maximal torus. We note that 

i) presentations of the rings H*{An/T"~^) and H*{En/An ■ S^) in the form 
of (2.14) have been given respectively by Lemma 5 (with n = 6,7,8) and by 
(2.8), (2.9), (2.10) in accordance with n = 6, 7, 8; 

ii) the polynomials gk,2 < k < n,m (3.5), (3.6), (3.7) in accordance with n = 
6, 7, 8 form a set of relations on H*{En/T) whose restrictions to if*(A„/T"~^) 
yield Sk, 2 < k < n, in Lemma 5. 

It follows now from b) of Lemma 2 that 

(4.3) H*{En/T) = Z[wi,--- ,UJn,yi\teS(n)/ (.92, ' ' ' > .9" > )jgTC(„) ) 

where {yi}i^s(n), {rj}jGn(n) are given in (2.8), (2.9), (2.10) in accordance with 
n = 6, 7, 8. Theorems 3-5 are obtained from (4.3) by notifying further that 
certain yk can be eliminated against an appropriate gk- Precisely, 

iii) if n = 6, ye can be eliminated against ge '■ ce = ye by (3.5); 

iv) if n = 7, ye, yr and ge, gr can be excluded since ye = ce — 2w22/5; yr — cr 
by the formulae of ge, gi in (3.6); 

v) if n = 8, 2/7,2/8 can be eliminated against the relations g7,g» (3.7) since 
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2/7 = C7 - 2a;2(22/6 + 2/1 + ^2y5 - W2C5); ys = cg. 

Finally, we remark that, without altering the ideal, higher degree relations 
in 52, • • • igmTi may be simplified using the lower degree ones. The eventual 
relations printed in Theorems 3-5 come as the results of the eliminations and 
simplifications indicated in iii)-v).n 

5 Common properties of the rings H*{G/T) 

Historically, the topological problem to compute the ring H*{G/T) was ini- 
tiated, and solved for the cases G = An and C„ by Borel [B]. Using Morse 
theory Bott and Samelson constructed K-cycles on G/T that were applied to 
show that H*{G/T) is torsion free, and to obtain a presentation of H*{G2/T) 
[BS] . Another method, exploiting the relationship between representation theory 
and ii'-theory, was suggested by Atiyah and Hirzebruch [AH, 5.9]. Combining 
Borel's method [B] with previous results on the algebras H*{G; Fp) for all prime 
p, Toda [T] determined for all exceptional G the degrees of the generators and 
relations required to present the ring H*{G/T). After Toda [T], presentations 
of H*{G/T) for G = Spin{n), F4, Eq and were obtained by Toda, Watanabe 
[TW] and Nakagawa [N] in which the generators were specified mainly by their 
degrees. 

On the other hand, the problem of describing the ring H*{G/T) in the con- 
text of Schubert calculus is requested by representation theory [Hi, Ku], inter- 
section theory [FP] , and by an extension of the theory of Schubert polynomials 
from classical G [FP; BHa] to arbitrary Lie groups, and has been studied by 
Chevalley [C], Bernstein-Gelfand-Gelfand [BGG], Demazure [D], Kostant and 
Kumar [KK]. 

Theorems 1-5 take care of these two concerns. Moreover, with the presence 
of these results common properties in the Schubert presentations of the rings 
H {G/T) are summarized into the next result, that serve as the starting point 
in our unified construction for the cohomology of the corresponding G [DZ3, 
DZ4]. 

Theorem 6. Let G be a compact, 1-connected simple Lie group of rank n. 

There exist Schubert classes xi, - ■ ■ , Xm on G/T of degXi > 2 so that 

a) the set {loi, ■ ■ ■ ,u)n;xi, - ■ ■ , Xm} is a minimal set of generators for the 
ring H*{G/T); 

b) with respect to these generators, one has the presentation 

(5.1) if*(G/T;Z) = Z[a;i,... ,a;„;ar,]/(p,;A,-,M,-),<,<,.i<.<„, 

in which 

i) k = n — |{deg/Xj- | 1 < j < rn}\; 
a) for each 1 < i < k, & (wi, ■ • • , 

Hi) for each 1 < j < m, the pair of relations is related to the 

Schubert class xj in the fashions 

k - 

= Pj^j + oij' /^'j = ^j' + ^ <j <m, 
withpj e {2,3,5}, aj,(3j e (wi,--- ,w„). 
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Furthermore, for each simple G the sets of integers 

{k,m}, {degpj, {degXj}, {pj}, {%} 

emerging in (5.1 ), called the basic data of G, are given in 7.3. 
Proof. If G = SU (n) or Sp{n) we have m = and the result have been shown 
by Lemmas 4 and 5. For the case G = Spin{n) the result was obtained by Pittic 
[P, 3.4. Proposition], in which the generators ^2i+i P) 3.4] are the Schubert 
classes on Spin{n)/T used by Marlin [M2] in describing the Chow ring of the 
reductive algebraic group Spin{nY corresponding to Spin{n). 

For G = G2 J -Ki , -Ee ) -E"? Theorem 6 come directly from Theorems 1-4, by 
which each of the relations gi or rj fall into one of the three types Pj , Xj , fij with 
basic data agree with those tabulated in 7.3. 

The following observation is useful in verifying Theorem 6 for G = from 
Theorems 5. Let {fi}i<i<n and {/ii}i<i<n be two ordered sets in a graded 
polynomial ring with dcg/i < dcg /2 < ••• < deg/„. We write {/ii}i<i<n ~ 
{fi}i<i<n to denote the statement that 

deghi = deg/i and (/, - hi) e {fj)i<j^i, l<i<n. 

It is straightforward to see that 

(5.2) {hi}i<i<n ~ {fi}i<i<n implies that (/ii)i<i<„ = (/i)i<i<„- 

For G = Eg one can construct from the relations gi and rj in Theorem 5 a set 
{pi; Xj,Hs' '?^}i<i<3;i<j<7,s=i,2,3,5 of polynomials with the following properties 

a) {Ply^l^ ^2, A3, A4, P2) A5, Ae, ^2) P3) A7, ^55 MS) Ml) 

~ {92, gs, 54, 95, 96, rs,rg,rio,ri2, ru, ri5, ns, r2o, r24, rso}; 

b) each of Pi, Xj,Ps takes the form as that asserted in ii), iii) of Theorem 6; 

c) </) = 2yl - yfo + yfr, + (3 with (3 e (wi, • • • ,u;8)- 

Theorem 6 for G = Es comes almost from a)-b) except for two places: 

i) the polynomial (j) does not belong to any of the three types p,,-, Xj,fij; 

ii) the polynomials P4, Pq, p-j required to couple A4, Ae, A7 are absent. 

In fact, the missing polynomials P4, p^ and p^ can be constructed from (j) and 
A4, Ae, A7 by the formulae below: 

{^4 = -12(j> + 52/6A4 - 4j/ioA6 + 61/15A7 
Pe = -10(p + 4y4A4 - 3yfoX6 + SyigAr . 
Pt = 15(t) - GyjXi + ByfoXe - ly^Xj 

Indeed, from (5.3) we find that 

M4,M6.M7 G {Pi;><j,iJ'sA); (/> = 2/X4-M6+M7 e {Pi'^^j'i^j)i<i<3,i<j<7^ 

where 1 < i < 3; 1 < j < 7, s = 1, 2, 3, 5. These shows that, as ideals in the 
ringZ[wi,--- , ws, ya, 2/4, ys, 2/6, 2/9, 2/io, 2/15] (see in Theorem 5) 
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(5-4) {Pi;Xj,n„(l)) = (pi;Aj-,/ij)i<,<3 i<j<7- 
Furthermore, substituting in (5.3) the expressions 

{5y6 + ai for i = 4; 
3yio + ae for i = 6; 
2?/i5 + 0:7 for i = 7 

yields that 

{/^4 = J/l + 5y6"4 - ^Viocxe + Qyi50i7 - 12/3 
Me = J/io + 4?y|a4 - 3y?o"6 + 5?yi5a7 - 10/9 
= 2/15 - 6j/|a4 + 5j/foa6 - 71/1507 + 15/3 

The proof for the case G = Es is completed by (5.4) and (5.5).n 

The inclusion T c G of a fixed maximal torus induces the fibration 

G/T BT ^ BG 

where BT (resp. BG) is the classifying space of T (resp. G), H*{BT) is 
identified the free polynomial ring Z[a;i, ■ • • , w„] in the fundamental dominant 
weights wi, • • • ,cOn ( pH]), and where the induced map 

(5.6) i;* :H*{BT)=Z[uJi,--- ,uJ„] ^ H*{G/T) 

of the fiber inclusion is well known as the Borel characteristic map. 

Wc can derive from Theorem 6 a partial characterization for H*{G/T) as 
a module over the subring Imip* . Let G be a simple Lie group of rank n, and 
let xi, - ■ ■ , Xm be the set of special Schubert classes on G/T. Given a subset 
I C {!,••• ,m} and a function r : 7 ^ Z+ denote by x^j^^^ the monomial 
n xl^*\ where Z+ is the set of all positive integers. By iii) of Theorem 6 one 

has the partition 

{1, ■ • • , m} = U Gip) with G(p) = {j I pj = p}. 

P6{2,3,5} 

Definition 3. A monomial x^/^^^ is called p-monotonous if 7 C G(p) and 
r{t) < kt for all tel. 

An direct consequence of Theorem 6 is 

Proposition 1. As a module over the subring Im^*, H [G/T) is spanned by 

1 and all the p monotonous monomials with G{p) 7^ (j). 

Proof. In view of the surjection Z[u;i, • ■ • , xi, - ■ ■ , Xm\ H {G/T) by (5.1) 
it is sufficient to show that, if a monomial a;^^^' fails to be p-monotonous for 

some p, there must be x^^^^ S (wi, • ■ • , ujn)- 

Suppose that there exist i,j e 7 so that Pi ^ pj. We get from the relations 
At and \j (see in iii) of Theorem 6) that 

x^*^^^ = ^^\qiXjai + qjXiUj) G (wi, ■ • • , a;„). 
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where {qi, qj) is a pair of integers satisfying qiPi + qjpj = 1, and where 

^ ' \ r{t) — 1 for t = i or j. 

Suppose next that there exists i G I so that r{i) > ki. We get from the relation 
/ij that x^j^^^ = x\ ^^^Pi G {uii, ■ ■ ■ ,uJn), where 

_ f -rit) for t ^ i; 
I r{t) - ki for t = i. 

This completes the proof. □ 

Using the set {Pii ^ji Mj}i<j<fc.i<j<„ of relations in Theorem 6, a unified 
method constructing the cohomology rings H* {G; Z) is given in [DZ3] . 

6 Schubert presentation of H%G/T; ¥p) 

Since the ring H*{G /T]'!,) is torsion free [BS], one can deduce a presentation 
of H*{G/T;¥p) directly from Theorem 6 and the isomorphism H*{G/T;¥) = 
H*{G/T; Z) (g) F. In what follows we shall put for G ^ Es that 

G(Fp) = the complement of G{p) C {1, • ' • ) 

and let 

{{1, 2, 3, 5, 6} if F = Z, Q or Fp with pj^2,3, 5; 
{2} ifF = F2; 
{1,3,5} if F = F3; 
{1,2,3,5} ifF = F5. 

Theorem 7. For a prime p let 'pj^^atTjij, f^j be the polynomials obtained re- 
spectively from Pi, at, in Theorem 6 by eliminating all Xg with s ^ G{p) 
using Ag. Then 

(6,1) H*{G/T;¥p) =Fp[wi,--- , w«, a;*]/ (p^, 5*, A^t, Ais)i<»<fe,teG(p),seG(Fp)' 
where 

i) {Pi:St,/3t,Ais}i<i<fc,teG(p),seG(Fp) ^ (wi,--- ,w„)j.^; 

ii) Jit=x'l' +Pt,tGG{p), 

and where {lu I , ■ ■ ■ ,LUn)p is the ideal in¥p[LUi, ■ ■ ■ , ti;„, j/t] generated bj oji, •• • ,a;„. 
Proof. After reduction modp the relations Xj in Theorem 6 become 

a) at = modp for t € G{p); 

b) Xg — qsOis = modp for s ^ G{p), 

where the > is the smallest integer satisfying qsPs = — 1 mod p. a) implies 
that the relations At with t G G{p) should be replaced by at = 0. In view of b) 
we can eliminate all Xg with s ^ G{p) from the set of generators and replace it 
in the remaining relations by qgtts to obtain the presentation 
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c) H*{G/T;¥j,)=¥j,[uju--- - a;*]/ (p„ a*, m,)i<,<, ,gG(p)a<,<™- 

For G ^ Es the result is verified by {1, • • • , m} = G(p) JJ G(Fp). For G = Ea 
reduction modp of the system (5.3) yields the next relations 

Ji^^ = 0; yUg = xrar for p = 2; 
'(i^ = 'ii^ = -XqUq for p = 3; 
Jiq=]1j = —xfcti for p = 5; 

Ji^ = sJiq; juy = fjug if p ^ 2, 3, 5 (for some s,t G Fp). 

Combining these with c) establishes Theorem 7 for G = Eg.O 

Theorem 7 implies the next result, in analogue to Proposition 1 

Proposition 2. As a module over the subring Imip* (g) Fp, H {G/T;¥p) has 
the basis consisting of 1 and all p-monotonous monomials x\^^^ . 

Also subsequent to Theorem 7 we introduce the next notation. 

Definition 4. The set of polynomials {p,, ptg}j^<.<^ (g^^p^^g^^j,^-, appearing 
in i) of Theorem 7 is called a set of {p-)primary polynomials on G.O 

The p-primary polynomials were utilized in [DZ3] to construct explicitly a 
set of generators (called p-primary generators) on H*{G;¥p) uniformly for all 
simple G and prime p. They can also be applied to deduce a second presen- 
tation of the ring H {G/T;¥p) useful in specifying the Steenrod operations on 
H*{G;¥p) with respect to primary generators ([DZ4]). For simplicity, we shall 
make no difference in notation between a polynomial 6 G H* {BT; Fp) and its 
V'* 0Fp image (sec (5.6)) in H*{G/T;¥p). 

Proposition 3. For each exceptional Lie group G with rank n and and a prime 
p, there exist 

a set {9si , • • • , Os„ } C H*{BT; Fp) of n polynomials; and 
a set {yti , • • • , yt^ } of Schubert classes on G/T 

with deg 9s = 2s, deg yt = 2t > 2, so that 
ijker^*®Fp = (e,,,-- - ,e,J; 

ii)H*{G/T;¥p)=¥p[coi,...,cOn,yt]/(0s,y^*+Pt) , , , ^ 

\ I s£r(G,p), tGe{G,p) 

Hi) the three sets r{G,p), e{G,p) and {kt}tee{G,p) of integers are subject to 



e{G,p)Cr{G,p) anddimG= ^ (2s - 1) + J2 2(A;t - l)i, 

ser(G,p) tee(G,p) 

wierc r(G,p) = {.si, • • • ,s„}, e(G,p) = {ti, ■■ ■ ,tk} and [i^ e (wi, . . . ,ujn)- 

Proof. The set {yt}tee(G,p) of Schubert classes is given by 
G{p) (see Theorem 7). The set of polynomials {6si , • ■ " ) } are obtained from 
the set of (p-)primary polynomials {7>i,at,'ils]i<,<k,KG(p),s&G{¥p) by setting 
2/t = 0. The relations of the form y^* + /3j in ii) agree with the ones in ii) of 
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Theorem 7. Finally, the numerical constrains on the three sets r{G,p), e{G,p) 
and {kt}tee{G,p) of integers can be verified from the data in 7.3 in accordance 

to p = 2, 3, 5 and p ^ {2, 3, 5}.n 

Remeirk 3. For all the pairs (G,p) with G exceptional and G{p) ^ 0, concrete 
presentations of H*{G/T;¥p) in the form of (6.1) can be obtained by applying 
the algorithm given in the proof of Theorem 7 to the polynomials {p^; Aj, 
in Theorem 6. As examples we present the results for the cases where G = Ej 
and p = 2 and 3. 

For the notational convenience and to emphasize the degrees of the polynomi- 
als concerned, wc shall write j^^^j instead of / G {p^, 5*, Ji< .<fe_jgc,(p),seG(Fp); 
^dcgjit in the place of Jl^, t G G{p) (see (6.1)). 

(6.2) H*{Er/T; ¥2) = F2[wi, • • • , wy, j/3, 1/5, yg]/ (7^, he, hw, ^I8)se{2,3,5,8,9,i2,i4}' 

72 = C2; 

73 = C3; 

75 = a;2C4 + C5; 
ha = yf +W2C5; 

78 = 2/3(^204 + C5) + ojIcq + u}lc5 + cl + wf; 

79 = ^ic? + w^ce 
^10 = y| + ^^2^7; 

7l2 = 2/3 ('^i C7 + C3C6 + w| C6 ) + (w| - C4 ) -"^ + 0)2 (w| + C4)C7 + C5 C7 + c| ; 
7l4 = 2/5(^207 + W^C6) +4+ul{u>i + 04)07; 
/lis = 2/9 + C4C7. 

(6.3) i?*(£;7/r;F3) =F3[wi,-- - , ^7, 2/4]/ (7^, /ii2),6{2,4,6,8,i2,i4,i8}. ^^lere 
72 = - C2; 

74 = ^2 - C4; 

76 = (^^2 + C3)^ - W2C5 - ce; 

78 = 2/4 (C4 - w|) + (a;2C4 + C5){col + Cs) - W2C7 + W2C6; 
7lO = (<^2C3 + C5)^ - C7C3; 

hi2 =yl- VbCr - i^lvacr + C5C7 - c| - y3C3C6 - W22/5C6; 

7i4 = - w|2/32/42/5 - W2C42/42/5 + 2/42/5C5 + 2/32/5C6 - w|y5C7 + w^ysce 

-2/32/4C7 - W^t/4C7 

7i8 = 2/9 - 2/4C7 + i^lyzyiVQ + W22/42/9C4 - 2/42/9C5 - w2y3C7 - wjCy 

+^^22/32/507 + W2J/5C5C7 

in which 

2/3 = -4^2 - C3; 
2/5 = -'^2C3 - C5; 

?/9 = (a;^?/4 - C6)(a;2 + C3) - W2C42/4 + 2/4C5 - W2C7 + w^ce. 

These polynomials in Schubert classes play a role in [DZ4] to specify the struc- 
ture of H*(G;¥p) as an module over the Steenrod algebra Ap.\2 



19 



7 The numerical constraints 

This section records the data emerging from the previous calculations. 



7.1. The L— R coefficients afe,2, • ■ " ) in (3.8) 



k 


^4 




Er 


Es 


1 


(3) 


(3) 


(3) 


(3) 


2 


(4) 


(4) 


(4) 


(4) 


3 


(6) 


(2,4) 


(2,4) 


(2,4) 


4 


(2,7) 


(1,2,4) 


(1,2,4) 


(1,2,4) 


5 


(0,3) 


(1,2,0) 


(1,2,0,4) 


(1,2,0,4) 


6 


(0,1) 


(1,0,0,0) 


(1,0,0,2,0) 


(1,0,0,2,0,4) 


7 






(0,1,0,0,0,0,0) 


(0,1,0,0,0,2,0,0) 


8 








(0,1,0,0,0,0,0,0,0,0) 



7.2. The Giambelli polynomials Qk,i in (3.9) for the Schubert clciss 
Sk,i with akA 7^ in (3.8) 



Gk,i 


Fi/C3 ■ S' 






Gi,i 




UJ2 


L02 


Gi,i 




ujI 


<A 


Gs,! 


2/3 


-2/3 + 


-2/3 + 


G3,2 




2/3 


2/3 


Gi,i 


-2?/4 + WiJ/s 


1/4 - 2a;22/3 + w| 


2/4 - 2a;2y3 + 


Ga,2 


2/4 


-2/4 + W2t/3 


-2/4 + W22/3 


Gi,3 




2/4 


2/4 


Gs,! 


-4a;iy4 + wfys 


W22/4 - 2a;|y3 + 


W22/4 - 2^22/3 + ^^2 


Gb,2 


Wi?/4 


-W22/4 


-2/5 + W2J/4 


Gb,i 






2/5 


Gq,i 




2/6 


2/6 


G6,2 


2/6 






^6,4 






^2^5 


G7,2 






2/7 



In the remaining case E^/A^ ■ we have, for < 5, ^/c^j are the same as 
those of E-jjA-j ■ given in the table above; and for fc > 5 

Ge,! = 2/6; 

^6,4 = -2y6 - 2/3 - '^22/5 + 3w|y4 - 2w^y3 + 

^'6,6 = 2^6 + 2/3 + 2W22/5 - Swlvi + 2wi2/3 - wi; 

G7,6 = 2a;22/6 + ^2^3 + 2u}ly5 - Siv^yi + 2uijy3 - ul; 

Gia = 2/7; 

Gs,2 = 2/8- 

7.3. The basic data of a simple Lie group G (see in Theorem 6). 
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G 


SU{n) Sp{n 


) Spin{2n) 


Spin{2n + 1) 


(fc, m) 
{deg 
{degj/j} 
{Pj} 


(n — 
{2^^ 


1,0) (n,o; 

-2} {4z} 


([^],[^]) 
{4t,2n,2[i"("-i)l+2},<,<[, 

{4j + 2} 
{2,---,2} 


([li±^]J«_i]) 

^1 {4M['""l+ni<*<[t] 
{4j + 2} 
{2,---,2} 
{2[1"2#t1+1} 




G 


G2 


F4 


Eq Ej 




{k, m) 
{degpj 
{degy^} 
fe} 


(1,1 

{4} 

{6} 

{2} 
{2} 


(2,2) 

{4,16} 

{6,8} 

{2,3} 

{2,3} 


(4,2) (3,4) 
{4,10,16,18} {4,16,28} 
{6,8} {6,8,10,18} 
{2,3} {2,3,2,2} 
{2,3} {2,3,2,2} 


(3,7) 

{4,16,28} 

{6,8,10,12,18,20,30} 

{2,3,2,5,2,3,2} 

{8,3,4,5,2,3,2} 
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